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Abstract 

<N 

£> ■ We consider a covariant quantization of the D=ll massless superparticle in the 

supertwistor framework. D=ll supertwistors are highly constrained, but the in- 
| terpretation of their bosonic components as Lorentz harmonic variables and their 

CN ■ momenta permits to develop a classical and quantum mechanics without much dif- 

ficulties. A simple, heuristic 'twistor' quantization of the superparticle leads to the 
linearized D=ll supergravity multiplet. In the process, we observe hints of a hidden 
SO (16) symmetry of D = 11 supergravity 

^ 1 Introduction 

Let us begin by thanking the organizers of the XXII Max Born symposium, in honour of 
our friend Jerzy Lukierski, for their invitation. The title of this contribution is in one-to- 
one correspondence with the topics of the symposium: Quantum, Super and Twistors. We 
present here a twistor quantization of the D=ll massless superparticle. But this coincidence 
is not our only motivation. Recently, the covariant description of the quantum superstring 
in the 'pure spinor' approach of Berkovits (applied also to superparticles and the D=ll 
supermembrane) has led to the first results in superstring covariant loop calculations (see 
[1] and refs. therein). In spite of the present progress in understanding the relation [2] 
of the pure spinor superstring p] with the original Green-Schwarz formulation, as well as 
[3] with the superembedding approach [HE], a further study of the origin and geometrical 
meaning of the pure spinor formalism as well as of its possible modifications (see e.g. [6]) 
seems appropriate. 

In this respect the Lorentz harmonics approach [II El El HOI [HI U2] m ay be of interest, 
since some progress toward a covariant superstring quantization had already been made 
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in the late eighties [8] in that context. Although nothing like the recent breakthrough 
in loop calculations [lj has been achieved in such a framework, its connection with the 
superembedding approach [H [5], its geometrical meaning [3, El OH EH], and its relation 
with twistors PJJ, EH] suggests applying it to the covariant superstring quantization (in the 
pragmatic spirit of the pure spinor approach of [T], rather than attempting to develop a 
full-fledged hamiltonian approach as in [Til IS]). To this aim, a natural first step is the 
covariant quantization of the massless superparticle. We sketch it here for the D—ll case, 
which leads to the D=ll supergravity multiplet. Recently, there has been an extensive 
search for hidden symmetries of M-theory; our analysis gives further evidence for a hidden 
SO (16) symmetry of D=ll supergravity [14J. 

2 D=ll massless superparticle action in the spinor 
moving frame (Lorentz harmonics) formulation 

The action of the D — ll massless superparticle [T5] can be presented in the following 
equivalent forms P2] 

S .= J drL = f m ip++ u-~ E» = J wl y++ v-Vp q IFT^f = (1) 
= J w i P ++ v- q V, n a/3 (a = 1, . . . , 32 , q = 1, . . . , 16) , (2) 

where a is the D=ll spinor index, q is the £0(9) spinor index and — , , ++ denote 

£0(1, 1) representations (or scaling dimensions -1,-2,-1-2 respectively). In (JTJ), the action 
is given in terms of the invariant one-form II m on standard superspace £( n l 32 ), U m := 
dx m — id8r m 8, and in in terms of the Cartan form U af3 = U^ a on the maximally 
enlarged, tensorial superspace S^ 528 l 32 \ 

U al3 = dX al3 - id6 (a = (3) 
= l/32n m f£f - l/64ffl mn f^f n + 1/(32 • 5!)n mi - m5 f mi ... m5 Q/3 , 

which includes 517 extra bosonic tensorial coordinates (see [TT | [18 | [T6 | [19] and refs. therein) 
in addition to the eleven spacetime coordinates x m = IP^r^g and the 32 fermionic ones of 

vj(ii|32)_ Tensorial £*■ { 2 l n ) superspaces were used to describe _D=4,6 and 10 conformal 
higher spin fields through the quantization of the tensorial superparticle [18] (see [20] and 
refs. therein and [13] in the BPS preons [21] context). 

The equivalence of the above two seemingly different forms of the superparticle action 
occurs due to the following constraints that are imposed on the spinor variables (see [TQJ [TT] 
and [16J for D=ll), 

J 2v tt jv p - = u--T%p (a) , _ _ _ „--„"»— - n (d) (A) 

{ v-T m v- = 2 6 qp u- m (b) , V »« 6 v to ~ ° (C) ~ ° {d) ■ (4) 

The first constraint (Hh) eliminates from the action (T2]) the rank two and rank five tensorial 
Cartan forms contributions, IT™ 1 and n mi "' m5 in Q. 



2 



Although, in principle, one can study the superparticle dynamical system using just 
the constraints (J4]) (see [22J), it is more convenient to look at the lightlike vector (Eq. 
HJi) as an element of a vector Lorentz moving frame and to treat the set of the sixteen 
SO(l, 10) spinors v a ~ as part of the associated spinor moving frame. These variables are 
called, respectively, vector and spinor Lorentz harmonic^]. 

Vector harmonic variables [7] are defined as elements of the Lorentz 11 x 11 matrix 
[m = (0, 1, . . . , 9, #) ; (a) = (— , ++,/);/ = (1, 9) ], 

U<£> = (u--,u++, u'J G 50(1,10) , (5) 

where = u Q m ± u*. The fact that U G 50(1, 10) implies the constraints 

TjT nU _ n ^{u~u™- = U, u++u m + + = 0, v*±u mi = 0, (6) 

U TjU Tj <j u -- um++ = 2 ^mj = _^ W 



and/or equivalently, 5™ = \u^~u n + \u~u n++ — u l m u m (Ur]U T = rf). 

Similarly, the spinor harmonic [9] or spinor moving frame [10J variables v^q are the 
elements of the Spin(l, 10) 32 x 32 matrix 

= (v a ~ , v a +) G Spin(l, 10) (a = 1, . . . 32 , q = 1, . . . , 16) . (7) 

They are 'square roots' of the associated vector harmonics in the sense that 

VT (a)yT = r ™ M (a) ^ yT^y = ^ (g) 

which express the Spin(l, 10) invariance of the Dirac matrices. 

Equation in (@Ji) is just the (a) = ( ) = (0) — (#) component of the first equation in 

(JHJ) in the Dirac matrices realization in which T and are diagonal; the nine remaining T 1 
are off-diagonal. Eq. (TJb) comes from the upper diagonal block in the second equation in 
Eq. (jEl); the lightlike character of = n° — m# (see (JS}) follows from the orthogonality 
and normalization of the timelike and spacelike vectors. To complete the set of 
constraints defining the spinorial harmonics, we have to add the conditions expressing the 
invariance of the charge conjugation matrix C, 

VCV T = C , V T C~ l V = C- 1 , (9) 

which give rise to the constraint (Jib). 



3 Note that, in contrast to 13=3,4,6,10 spacetimes, in which the vector p m — AI™A constructed using a 
single commuting Majorana or (symplectic) Major ana- Weyl spinor \ a is automatically lightlike [p m p m — 
(Ar™ l A)(Ar m A) = 0] and thus can be identified with the momentum of a massless particle, (Ar m A) 2 ^ 
in D = 11 for a generic commuting Majorana spinor. Thus, to develop a twistor-like description of a 
massless D — 11 superparticle one has to introduce constrained spinor variables; the Lorentz harmonics 
v~ q are one of the possible choices. Another one is given by the 'pure' spinors of [I], which are complex 
spinors A Q = + iw^ obeying Ar m A = 0. 
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In a theory with a local SO(l, 1) <S>SO(9) symmetry containing only one of the two sets 
of 16 constrained spinors ©, say the spinors v~ p , these can be treated as homogeneous 
coordinates of the 50(1, 10) coset giving the celestial sphere S 9 ; specifically (see [9l fl~2"]) 



Spin(l, 10) 
[SO(l, 1) ® Spin(9)} gK 9 



where K 9 is the abelian subgroup of SO(l, 10) defined by Sv aq = , 8v+ q = k^ + j l qp v ap . 
Our superparticle model is of such a type. 



3 Supertwistor formulation of the D=ll superparti- 
cle action and a first appearance of SO (16) 

Using the Leibnitz rule (dxvv = d(xv)v — xdvv etc.) the superparticle Lagrangian, drL 
in (JT1), can be written as the twistorial Liouville form, 



S = (X aq dn" - d\ aq /j, q - idr] q T} q ) , (11) 
Jw 1 



where the sixteen 32-component spinors X aq are taken to be proportional to the spinor 
harmonics v~ q , 

X aq ■= yfp++v- q . (12) 
Hence, they obey the constraints (see gj); T m = T m a/3 , f m = f ma/? ) 

2X aq Xfl q = p m T a p , X q T m X p = 5 qp p m , C aP \ aq X Pp = , (13) 

where the particle momentum vector p m = p ++ u m ~ is lightlike due to On account of 
p ++ in fTl2|) . the {X aq } parametrize the R + x S 9 manifold (cf. ffTUj) ). The variables 
rj q in (TTTT) are related to the superspace coordinates by the following generalization of the 
Penrose incidence relation, 

H a q := X^X Pq - % -ff> d P X Pq , Vq := P Xp q . (14) 

Together with X aq , the variables fi q and 77^ define a set of sixteen constrained OSp(l|64) 
supertwistors, 

T Sg := (A ag , fi° , ?7q) , q = 1, . . . , 16 , a = 1,...,32 . (15) 
In terms of them the action ffTTT) reads 



5 a fs ' 

5= / dT E(? n sn Tn, , fi sn = | -5/ | , (16) 



w 1 



z 



where n sn is the orthosymplectic OSp(l\64) metric. 

The supertwistors in this action are very constrained. First, because the basic spinors 
X aq obey the constraints in Eq. ( fl3l) by virtue of Eqs. ([12] , HI), and, secondly, since Eq. 
( Fl4l) provides the general solution of (and, hence, can be replaced by) the following set of 
constraints 

Jpg := T Sp fi En Tnq := 2K{ P V q] + iV\pVq] = • (17) 

Notice that, if X a/3 is restricted to include only the spacetime coordinates in S*- 11 ' 32 - 1 , 
X a/3 oc x m r^f (see ([1])), one more set of constraints is found 

Kpq — K qp := A Q ( p fj^ — Yq'pi ^ a P' ^p' = ® ' (-^) 

When one starts from the equivalent form of the action (j2J) with general X a ^ = l/32x m T^+ 
y mn T c ^ n + y^T , Eq. (}T8~|) appears as a (partial set of) gauge fixing conditions for the 

gauge symmetry 5^ = b mn (T mn \ q ) a + b^{T]^\ q ) a of the action (120]) . This gauge symme- 
try follows from the consequences v~T^v~ = 0, v ~T^v~ = 0, of the constraint (TJK), and 
may gauge away the contributions of the extra coordinates y mn = y^ and y rnn 'c ( i r = yt 5 ! in 
X Q/3 in Eq. ([II]). 

The above discussion indicates the second class character of the constraint ffl8]) . In 
contrast, Eq. ( Tl7|) can be treated as a gauge symmetry generator. Namely, with Eqs. ( fl2l 
[TOi) . they are generators of the 2t 9 / 2 l = 36 parametric Spin(9) symmetry. Actually, already 
at this stage it is tempting to treat the § pq in ( iTTI) as £0(16) generators. For this to be the 
case one should use 

K g ■= Vp^~{ T ) v a P { T ) S pq( T ) , S pq iS qql = 5 pq , Se £0(16) , (19) 

instead of (TT2"]) as the definition of A a9 . This is indeed possible since, if one substitutes 
v ap( T )Spq(, r ) with S pq e 5'0(16) for v~ q in ([1]), the two >SO(16) factors cancel (SS T = 1) 
and the action remains the same. 

We will return to the question of this .SO (16) symmetry, already suggested by the 
existence of an SO(lQ) covariant formulation of D=ll supergravity [H], after discussing 
the twistorial quantization of the dynamical system of (TIT]) . 

4 Supertwistor covariant quantization in D=ll 

The dynamical variables in the action (TTT1) or ffT6]) are highly constrained, promising to 
make a full Hamiltonian analysis of the constraints rather involved (see [111 [13]). However, 
the group theoretical meaning of these constrained variables allows us to present a simple 
alternative, the twistor covariant quantization. 

S.l.Twistor quantization of the D=ll massless bosonic particle. 
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In the purely bosonic case r\ q = and the lagrangian in (TTTT) reduces to 

S b = I (\ aq dfx a q -d\ aql x a q ) . (20) 
Jw 1 

As we saw, the constrained (Eqs. (TT3T) ) spinors X aq parametrize the celestial § 9 sphere 
times R + . Due to the first two equations in (TT31) . this manifold can be identified with that 
of the positive zero mass shell momenta, 

K(p) ■= {Pm ■■ P 2 = , po > 0} = K+ x § 9 . (21) 

The variables fi q in ffTTj) are clearly identified as those canonically conjugated to X aq , 
and should be constrained as the X aq are. Thus the seemingly simple dynamics in fT2~T]) 
is actually quite complicated. However, if all gauges were fixed and all the second class 
constraints were solved to have all \ aq expressed through the ten coordinates of R + x S 9 , 
then the set n q would just contain the corresponding ten independent conjugate variables. 

Thus, the quantization of the system described by the twistorial Liouville action ( |20l) 
leads, in the simplest case, to scalar wavefunctions $(A) with arguments on M + ® S> 9 . By 
(l2Tj) . this manifold can be identified with the D=ll lightlike momenta 'cone' Qq(p). Hence, 
the wavefunctions $(R+ x S 9 ) = $(p m ; p 2 = 0, po > 0) describe positive energy solutions 
of the .0=11 massless Klein-Gordon equation. 

The scalar wavefunction $ is invariant under the SO(9) symmetry, but this is not the 
only possibility. The 50(9) gauge symmetry which defines the basic variables as 'homoge- 
neous' coordinates of IR + x § 9 , also allows for wavefunctions that transform non trivially 
under 5*0(9) as e.g., 50(9) spinors ^/ q (p m ;p 2 = 0) =< p m \q > , vectors §i(p m ;p 2 = 0) = 
< p m \I >, etc. In the D=4 case these would be associated with the different choices 
of the constants (e.g. the helicity for the analogous to ( 1T71) ) in the quantum constraints 
with non-commuting operators; it would be interesting to understand this in the higher 
dimensional -D=10, 11 cases. 

3.2. Twistor quantization of the D=ll massless superparticle. 

In the super symmetric case the action (ITT]) is provided by the sum of the bosonic action 
(|2"U|) and the free fermionic one, 

S = S b - j wl idrjq rj q . (22) 

The fermions are decoupled from the bosonic R + x § 9 part. The expression of the fermion 
canonical momentum is a second class constraint that identifies rj q with its own momentum. 
Thus one has to use Dirac starred brackets and their associated quantum anticommutators, 

{Vg , VpY = Hp {% , fj P } = Hp , (23) 

which imply that the fj q generate the SO (16) -invariant Clifford algebra. 

This fact seems to reflect the hidden 5*0(16) symmetry of .D=ll supergravity [H] . 
The natural representation of fi q is given by the 256 x 256 50(16) gamma matrices, fj q = 
(T q ) A B, which act on the Majorana spinors of 50(16). This representation decomposes 
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under SO (16) into the sum 128 © 128 of two Majorana-Weyl spinors and under £0(9) 
as 256 = 128 © 44 © 84, corresponding to an SO (9) spin-tensor \ql >, a symmetric 
traceless second rank tensor \IJ >= \(IJ) > and an antisymmetric third rank tensor 
\IJK > = \[IJK] >. Thus one may introduce a natural Grassmann grading (with \ql > 
fermionic) and consider the following representation [23] of the SO(16)-invariant Clifford 
algebra ([25]): 

2f, q \IJ>=T I qp \pJ>+T J qp \pI> , 

2%\pl >= ^JIJ > +^ (Tl J p M - 65^ J T J q ^) \JiJ 2 h > , 

2%\IJK >= F%\pK > +Tf p I \pJ > +V J qp K \pI > . (24) 

This representation allows us to conclude that the quantization of the D = 11 massless 
superparticle model (TJP reproduces the D=ll supergravity multiplet (see [23 J for a light-cone 
gauge analysis and [I] for the pure spinor quantization). Such a multiplet is described by 
the following set of wavefunctions on fig (p) (Eq. ( T2TT) ) corresponding to ( |24|) . 



^i q (p)=<Pp2 =0 \qI> > \PmP m = 0] 

h {I j)(p) =< P% = o\U > , A IJK (p) =< p%J[IJK > 



(25) 



which give the general solution of the linearized D=ll supergravity equations. Each of 
these wavefuntions provides an irreducible non-trivial representation of the SO (9) part of 
the 'little group' of a D—ll lightlike momentum. Schematically, the manifestly covariant 
solution of the field equations in momentum space, in terms of the transverse (u^p™ 1 = 0) 
vector harmonic and the X q spinor variables (Eqs. (jSJ) and (fT2"l) respectively), becomes 



^ma(p) = *j g (p)< K q , [Kq^fig = \^a P Pm , P* = , P™< = 0] 

h mn (p) = u^uihaAp) , A mnp (p) = u^u J n u^A IJK (p) . 



Similar solutions were discussed in [12], which is devoted to a twistor transform of the 
linearized field equations in various dimensions. 



5 Conclusions and outlook 

We have outlined here a covariant quantization of the D=ll massless superparticle in 
the Lorentz harmonics formalism. This quantization is twistor-like in the sense that we 
have used a supertwistor form for the massless superparticle action [16] . itself a D—ll 
counterpart of the Ferber-Shirafuji one [23]. In contrast with the D=4 case, the D—ll 
supertwistors are very constrained variables (see [TUl [11] and the more recent [26] for 
further discussion), but their group-theoretical meaning allows us to handle this problem. 
Our analysis indicates, in particular, a possible origin (see Eqs. f JT71fT9|23ll24l) ) for the hidden 
50(16) symmetry of Z}=11 supergravity [14J. 

An interesting direction for further development is to look for a Lorentz harmonics 
version of the BRST quantization. It would also be interesting to see whether and how 
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the D=ll supergravity supermultiplet appears when one uses other representations for the 
operator algebra (|23|) as e.g., when wavefunctions are described by a Clifford superfield (see 
[25]). W = W(p m ,fi) with (fjqfjp + fjpfjg = \5 pq ) satisfying differential equations enforcing 
the quantum counterparts of the constraints (fT7j) . 
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